
Optimization formulation for the shortest path

Let G = (V, E) be an undirected graph where the edge length of e is given by we. Assume
that we > 0 for all edges. Let s and t be given vertices, between which we wish to find the
shortest path.

To write the optimization formulation, we first need to select the set of variables. The natural
choice is to have an edge xe for every edge, to indicate if it is on the path or not.

Then, we wish to minimize ∑
e wexe subject to the constraint that xe is 1 for the edges on a

path, and 0 for edges not on the path.

How do we capture the constraint above using some linear/polynomial inequalities?

We saw three methods in class.

Approach 1

We can formulate the problem as that of minimizing ∑
e wexe, subject to the constraint that

that xe = {0, 1}, and that the graph restricted to the chosen edges (xe = 1) contains a path
from s to t. We allow it to contain other edges, and this is OK because we are minimizing
the total weight of the chosen edges (thus choosing anything more than a path is sub-optimal,
as we > 0).

Now, what does it mean to have a path from s to t? One requirement is that for any subset S
of the vertices such that s ∈ S and t 6∈ S, at least one edge in the cut (S, S) must be picked –
otherwise the path from s→ t cannot get “out of S” (Think: why don’t we say that exactly
one edge must be picked?). We have the constraints:

for all S s.t. s ∈ S and t 6∈ S, ∑
e∈E(S,S) xe ≥ 1. (*)

(We have used the standard notation that for two sets A and B, E(A, B) is the set of edges
with one end-point in A and another in B.)

Note that this is an exponential set of constraints, because we have one constraint for every
set S that contains s and excludes t.

The next question to ask is, are these constraints enough? I.e., if we consider any solution
{xe} that satisfies these constraints, and look at the graph H where the vertex set is V (the
same as before), and the edge set is precisely the set of edges where xe = 1, is there a path
from s to t in H?

We claim that the answer is yes, and we can show by contradiction. Suppose there is no path
from s to t in H. Define S to be the set of all vertices reachable from s. By assumption
t 6∈ S, and by definition, s ∈ S and ∑

e∈E(S,S) xe = 0.

This contradicts the inequality (*) above. [Note that this is basically a flow = cut argument.]
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Approach 2

The approach above is good, except that it involves exponentially many constraints. Can we
write down a polynomial sized optimization formulation?

The trick is to introduce two variables per edge, one for each direction. Thus for each
edge {u, v} (remember this is an undirected graph), we have variables xuv and xvu, both
constrained to take values in {0, 1}.

Now, let us try to enforce the constraint of choosing a (directed) path going from s to t. This
can be enforced by having the constraints, (using the standard notation Γ(u) to denote the
set of neighbors of a vertex u)

∑
v∈Γ(s)

xsv = 1

∑
v∈Γ(t)

xvt = 1

∀u 6∈ {s, t},
∑

v∈Γ(u)
xuv =

∑
v∈Γ(u)

xvu

∀u,
∑

v∈Γ(u)
xuv ≤ 1

The first two constraints say that precisely one edge must leave s and enter t, respectively.
The third constraint (one for every other vertex other than s, t) says that the total number
of incoming edges into any vertex must equal the number of outgoing edges chosen. The last
constraint requires the number of edges out of a vertex to be bounded by 1. [Exercise. try
convincing yourself that because all the edge weights are positive, the last constraint is not
needed.]

Subject to these constraints, we minimize ∑
uv wuvxuv. Note that this sum includes both uv

and vu.

We need to argue why this set of constraints results in a path from s to t as the optimal
solution. The first constraint ensures that any feasible solution sets xsv = 1 for precisely one
v – let this be v1. Now, the last two constraints together imply that there is exactly one v2
such that xv1v2 = 1. We can continue this process. The only place this can end is when we
reach t.

Approach 3

This was an approach suggested by one of the students. The idea is to have variables xuv

for directed edges as above, except that the constraints are more complicated polynomial
inequalities. The objective is still the same as the above.
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Let X be the matrix that contains xij in the ith row and jth column. The idea is to now
place the constraint that the (s, t)’th entry of X + X2 + · · ·+ Xn is ≥ 1.

Note that this is just one constraint, where we have a sum over all possible paths from s to t
of the product of edges xuv along the path. I.e.,

∑
P

∏
uv∈P

xuv ≥ 1,

where the sum is over all paths from s to t.

Morals

The three formulations above are all valid. All of them capture the shortest path problem.
The first and third have the issue of being exponential sized. The third is also non-linear –
the constraints are polynomial inequalities.

The example shows that being a bit careful in writing the program can be useful.
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